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Abstract
We show that positive averaged acceleration aD obtained in LTB models through spatial averaging
can require integration over a region beyond the event horizon of the central observer. We provide an
example of a LTB model with positive aD in which the luminosity distance DL(z) does not contain
information about the entire spatially averaged region, making aD unobservable. Since the cosmic
acceleration aFRW is obtained from fitting the observed luminosity distance to a FRW model we
conclude that in general a positive aD in LTB models does not imply a positive a
FRW .
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I. INTRODUCTION
High redshift luminosity distance measurements [13, 19, 20, 21, 22, 23] and WMAP mea-
surement [24, 25] of cosmic microwave background (CMB) interpreted in the framework of
standard FRW cosmological models have strongly disfavored a matter dominated universe, and
strongly supported a dominant dark energy component, corresponding to a positive cosmo-
logical acceleration, which we will denote as aFRW (not to be confused with the scale factor
a). As an alternative to dark energy, it has been proposed [6] that we may be at the center
of a inhomogeneous isotropic universe described by a Lemaitre-Tolman-Bondi (LTB) solution
of Einstein’s fields equations, where spatial averaging over one expanding and one contracting
region is producing a positive averaged acceleration aD. Another more general approach to map
luminosity distance as a function of redshift DL(z) to LTB models has been recently proposed
[15], showing that an inversion method can be applied successfully to reproduce the observed
DL(z).
The main point is that the luminosity distance is in general sensitive to the geometry of the
space through which photons are propagating along light geodesics, and therefore arranging
appropriately the geometry of a given cosmological model it is possible to reproduce a given
DL(z). For FRW models this correspond to set constraints on ΩΛ and Ωm and for LTB models
it allows to determine the functions E(r),M(r), tb(r).
The averaged acceleration aD on the other side is not directly related to a
FRW , since this
is obtained integrating the position dependent cosmological redshift along the light geodesics,
while aD is the result of spatial averaging, and has no relation to the causal structure of the
underlying space. This crucial difference can make aD unobservable to a central observer Oc
when the scale of the spatial averaging is greater than its event horizon.
II. LEMAITRE-TOLMAN-BONDI (LTB) SOLUTION
Lemaitre-Tolman-Bondi solution can be written as [3, 4, 5] as:
ds2 = −dt2 +
(R,r )
2 dr2
1 + 2E(r)
+R2dΩ2 , (1)
where R is a function of the time coordinate t and the radial coordinate r, E(r) is an arbitrary
function of r, and R,r denotes the partial derivative of R with respect to r.
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Einstein’s equations give:
(
R˙
R
)2
=
2E(r)
R2
+
2M(r)
R3
, (2)
ρ(t, r) =
M,r
R2R,r
, (3)
with M(r) being an arbitrary function of r and the dot denoting the partial derivative with
respect to t. The solution of Eq. (2) can be written parametrically by using a variable η =∫
dt/R , as follows
R˜(η, r) =
M(r)
−2E(r)
[
1− cos
(√
−2E(r)η
)]
, (4)
t(η, r) =
M(r)
−2E(r)

η − 1√
−2E(r)
sin
(√
−2E(r)η
)+ tb(r) , (5)
where R˜ has been introduced to make clear the distinction between the two functions R(t, r)
and R˜(η, r) which are trivially related by
R(t, r) = R˜(η(t, r), r) (6)
and tb(r) is another arbitrary function of r, called bang function, which corresponds to the
fact that big-bang/crunches happen at different times in this space. This inhomogeneity of the
location of the singularities is the origin of the possible causal separation between the central
observer and the spatially averaged region for models with positive aV .
We can introduce the following variables
a(t, r) =
R(t, r)
r
, k(r) = −
2E(r)
r2
, ρ0(r) =
6M(r)
r3
, (7)
so that Eq. (1) and the Einstein equations (2) and (3) can be written in a form which is more
similar to FRW models
ds2 = −dt2 + a2
[(
1 +
a,r r
a
)2 dr2
1− k(r)r2
+ r2dΩ2
2
]
, (8)
(
a˙
a
)2
= −
k(r)
a2
+
ρ0(r)
3a3
, (9)
ρ(t, r) =
(ρ0r
3),r
6a2r2(ar),r
. (10)
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The solution in Eqs. (4) and (5) can now be written as
a˜(η˜, r) =
ρ0(r)
6k(r)
[
1− cos
(√
k(r) η˜
)]
, (11)
t(η˜, r) =
ρ0(r)
6k(r)

η˜ − 1√
k(r)
sin
(√
k(r) η˜
)+ tb(r) , (12)
where η˜ ≡ ηr =
∫
dt/a .
III. AVERAGED ACCELERATION
Following the standard averaging procedure [6, 16, 17, 18] we define the volume for a spherical
domain, 0 < r < rD, as
VD = 4pi
∫ rD
0
R2R,r√
1 + 2E(r)
dr (13)
and the length associated to the domain as
LD = V
1/3
D , (14)
via which the deceleration parameter qD and the average acceleration aD (not to be confused
with the scale factor a) are defined as:
qD = −L¨DLD/L˙
2
D (15)
aD = L˙/L (16)
The models studied in [12] correspond to the following functions k(r), ρ0(r), tb(r):
tb(r) = −
htb(r/rt)
nt
1 + (r/rt)nt
, (17)
k(r) = −
(hk + 1)(r/rk)
nk
1 + (r/rk)nk
+ 1 , (18)
ρ0(r) = constant . (19)
After exploring the 9 parameters space they give three examples of LTB solutions with positive
qD as shown in Table I.
Since t(0, r) = tb(r) and R˜(0, r) = 0 we can fix the following initial condition for R(t, r):
R˜(η = 0, r) = 0 = R(t(η = 0, r), r) = R(tb(r), r) (20)
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TABLE I: Three examples of the domain acceleration.
t rD ρ0 rk nk hk rt nt htb qD
1 0.1 1 1 0.6 20 10 0.6 20 10 −0.0108
2 0.1 1.1 105 0.9 40 40 0.9 40 10 −1.08
3 10−8 1 1010 0.77 100 100 0.92 100 50 −6.35
LD L˙D L¨D qD
1 16.2 1.62 0.00174 −0.0108
2 94.0 7.63 0.694 −1.08
3 8720 117 10.0 −6.35
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FIG. 1: k(r) is plotted for the model corresponding to row 2 of Table I from [12].
which clearly shows why tb(r) is called bang function.
Defining tq as the time in the first column of Table I, i.e. the time at which q(tq) = qD, with
qD being the value in the last column of the same table, we solved the light geodesics equation
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dT (r)
dr
= −
R′(r, T (r))√
1 + 2E(r)
. (21)
imposing the following initial conditions
T (r = 0) = tq (22)
R(tb(r), r) = 0 (23)
Eq.(22) is the natural way to map these models into luminosity distance observations for
a central observer which should receive the light rays at the time tq at which the averaged
acceleration is positive. In other words the time dependence of aD(t) corresponds to the choice
of initial conditions for the light geodesics used to compute the luminosity distance.
Solving the equation
T (rHor) = tb(rHor) (24)
for the model corresponding to the second row of Table I we obtain rHor < rD, where rD is
the upper limit of the volume averaging integral. In this context rHor can be thought of as the
comoving horizon, the maximum radial coordinate from which photons can reach the central
observer Oc at time tq.
As it can be seen in Fig. 2 at r = rHor there is a singularity along the geodesic, corresponding
to the fact that light cannot reach the central observer at time tq from points at radial coordinate
r > rHor. In fact, since tb(r) is a decreasing function of r, photons emitted at r > rHor will
arrive at r = rHor at time T (rHor) when a local singularity develops because
R(T (rHor), rHor) = R(tb(rHor), rHor) = 0. (25)
Since regions of the universe at radial coordinates greater than rHor have never been in causal
contact with Oc at time tq, the scale at which qD is defined is beyond the region causally con-
nected to Oc. Therefore qD cannot be detected from local observation of the luminosity distance
which is used to define aFRW . This result is not surprising since the spatial averaging proce-
dure is insensitive to the causal structure of the underlying space. The other models studied
in [12] do not show this causal behavior, but solving the geodesic equations and computing the
luminosity distance using the same initial conditions adopted above it can be shown that they
do not reproduce correctly the observed luminosity distance, but this goes beyond the scope of
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the present article, which is the study of the local observability of the averaged acceleration.
We will study the luminosity distance of these and other LTB models with positive aD, and
the relation between qD and q
FRW in another work.
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FIG. 2: R(T (r), r) and R′(T (r), r) are plotted for model 2 of [12].At about rHor=0.03298 there is a
singularity.
This example shows how aD may not even be causally related to the local observation of
DL(z), and gives a reverse example of the results obtained in [1], where it was studied a LTB
model fitting the observed luminosity distance, consistent with a positive aFRW , but without
positive averaged acceleration aD. Our results do not rule out LTB models as alternatives to
dark energy since, since the inversion method [15] allows to obtain the observed luminosity dis-
tance without any averaging, and some concrete examples derived independently have already
been proposed [1, 10, 11].
We can conclude that the luminosity distance DL(z) contains more information than the
spatially averaged acceleration aD because the first is sensitive to the causal structure of the
entire space-time while the second is the result of averaging only the spatial part of the geometry,
making the relation between them in general not one-to-one. Our results confirm the general
argument [2] that the spatial averaging must be performed on comoving domains whose size
coincides with the length scale at which homogeneity sets in, and not on domains which may
be as large as or larger than the observable universe. It is possible that writing the geodesics
equation in a form consistent with the Buchert averaged formalism could overcome the problem,
but this would be just a formal solution, since light is propagating along the geodesics of the
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FIG. 3: tb(r) is plotted for the model corresponding to row 2 of Table I from [12].
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FIG. 4: The solid curve shows the light geodesic T (r) and the dashed curve shows the bang function
tb(r). For r < 0.6 tb(r) is so small that it cannot be distinguished from the horizontal zero axis.
inhomogeneous space, not of the averaged one.
IV. DISCUSSION
We showed that LTB models with positive averaged acceleration can require averaging on
scales beyond the event horizon of the central observer. In these cases aD is causally unrelated
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to aFRW which is obtained from the observed luminosity distance, showing that a positive
averaged acceleration aD in LTB models is in general not equivalent to a positive a
FRW . This
example shows how the averaging Buchert [18] formalism is not preserving the causal structure
of space-time and can lead to the definition of locally unobservable averaged quantities. The
study of the constraints on the local observability of averaged quantities will be addressed in a
more general way, not only in the context of LTB models, in a future work.
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